Appendix A

Some continued fraction
expansions

This is a catalogue of some of the known continued fraction expansions. The list is in no
way complete. Still it can be useful, both to find a continued fraction expansion of some
given function and to “sum” a given continued fraction.

We have not attempted to find the origin of each result. The references we give are
therefore just pointing to books or papers where the expansion also can be found.

A.1 Introduction

A.1.1 Notation

We write
fC)=K(an(--)/bn(--)); (--)€ED (1.1.1)

to say that the continued fraction converges in the classical sense to f(---) for the pa-
rameters (---) in the set D. In the literature the set D is often far too restrictive, if it is
given at all. We have determined a (possibly larger) set D. where the continued fraction
converges. This is done by methods presented in this book. However, it may well happen
that the equality (1.1.1) fails in a subset of D, even if f(---) is interpreted as an analytic
continuation of the expression in question. In some cases we therefore give expressions for
sets D, and Dy such that K(an(---)/bn(--+)) converges in D. and the equality holds in
Dy C D.. What happens outside these sets is not checked. The identities normally holds
also at points where a,(---) = 0 unless otherwise stated.

The elements a,(---) and b, (---) of almost all continued fractions in this appendix are
polynomials in the parameters. The classical approximants are then rational functions of
the parameters, and can therefore not converge to multivalued functions. If the left hand
side of (1.1.1) is a multivalued function, we always take the principal part unless otherwise
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266 Appendix A: Some continued fraction expansions

stated. The principal part is often written with a capital first letter, such as Ln z, Arctan z
etc.

A.1.2 Transformations

It is evident that not every continued fraction expansion can find room in a book like this.

On the other hand, quite a number of the known continued fraction expansions can be
derived from one another by simple transformations. We have for instance

1 c a1 a

f=bo+K(an/by) = c - —=— —- 2

F bhotbitbat.. 7O (12.1)

Similarly, if f = bo + K(an/bn), then g =(f —1)/(f+1)=1-2/(1+ f); i.e,
ol 2 @ om
f+1 7 T4bo+bitbot-’

f="bo+K(an/bn) <= (1.2.2)

Another simple transformation is maybe most easily described for S-fractions. Assume that
f(z) = bo + K(anz/1). Then f(z7') = by + K(anz"'/1). Equivalence transformations
lead to

1) mpop 8L G2 O3 a4 G5
f(z) 0+z+1+z+1+2+

ai/z a2 a3 as as
1 +2414+2414--
a/§ ax as a1 a5
£ +E6+E+E+E+
where €2 = z. We shall normally not list equivalent continued fractions like this separately.

= by +

=bo+

Another situation that often arises is the following: We have

2 2 2

12 azz asz
F(z) =bo+ 2 T e (1.2.3a)

Then ) 5 5
fliz) = by — L2 922 43% (1.2.4b)

1 — 1 — 1 —..

Of course, every time we have a continued fraction expansion f = by + K(ay/bn) with
all an,b, # 0, we can take its even or odd part and obtain a “new” continued fraction
converging to the same value f. Some of these variations will be listed, in particular if
they turn out to be nice and simple.

A.2 Elementary functions
A.2.1 Mathematical constants

plg el 11111
1+1

L1 211)
T+154+1+4292+ 4142414341414+ o
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([JoTh&0], p 23). This is the regular continued fraction expansion of 7.
2 2 2 2
_ar 2o .12
1+3+54+7+9+---
([JoTh&0], p 25), (see also (3.6.1)).

s 1 1 2-3 3-4

—-—=14+- — — — Kh . 2.1.

=ty o B0 BE L (Khraosa) (2.1.3)

For the Riemann zeta function we have
2 14 94 g4
1y 1 827 3 2.1.4
2¢(2) 12 1434547+ ( )
([Bern89], p 150)

2 117 1.2 22 2.3 3° 3.4 4°
N==—14- . =2 £ 22 2 =27 = 2.1.5
<2 6 +1+1+1+1+1+1+1+1+ ( )

([Bern89], p 153).
Apery’s constant:
1o1® 1% 2% 28 3% 3% 43 48
(B)=1+- — (2.1.6)
4+1+12+1+20+1+28+1+36+
([Bern89], p 155), (see also (4.7.37)).
Euler’s number: L1111 1
=- - - - - 2 2 = 2.1.
CT1-142-342-542-74..." (2.17)
([JoTh8&0], p 25), (see also (3.2.1))
1 1 1 1 1 1 1 1
=24- - - - - - - =2 2.1.
¢ +1-1-2-1-1-4-1-1-4-1-1-5-14-6-5-- ’ (2.1.8)
([JoTh8&0], p 23).
1 1 1 1
—14+2 - = = = 2.1.
=t T 6L T04 T4 18 (2.1.9)
([Khov63], p 114). (See also (3.2.2))
2 3 4 5
=24+-=- - - = 2.1.1
¢ +2+3+4+5+~~ ’ ( 0
([Perr57], p 57).
1 2 1 1 1 1
== - = — — 2.1.11
CT 1346410414418+ (2.1.11)
([Khov63], p 114). (See also (3.2.2) for z = —1).
11 1 1 1 1 1 1
e I 2.1.12
Ve + +14+54+14+14+94+1+14+13+ ( )
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([Euler37]).
1 1 1 1 1 1 1 1 1 1
Se=1+- - - = = = — — = — 2.1.1
Ve +2-1-1-4-1-1-8-1-1-4-1-4-14-5-14-1-5-204- . ( 3)
([Euler3T7]). (See also (2.2.4).)
+1 1 1 1 1
thi=ST-—94 - — ~ 2.1.14
e R I T SV T ( )
([Khru06b]).
The golden ratio:
VAol 111 , (2.1.15)
2 T414+14---

([JoTh8&0], p 23).
Catalan’s constant: G := > 72 (—1)"/(2k + 1)*:
2 52 92 42 42 @2 @2
2G=2-L 2 2 4L 1L & 0 (2.1.16)
34+ 14341 4+341 43+
([Bern89], p 151). (See also (4.7.30) with z := 2.)

1 12 1.2 22 2.3 32

3-4
2G=14—F— — — —x —_— — 2.1.1
¢ +1/2+1/2+1/2+1/2+1/2+1/2+1/2+...’ ( 7
([Bern89], p 153). (See also (4.7.32) with z := 3.)
A.2.2 The exponential function
1 2 2 2 2z z z =z
=R =- 2 2 22 2 2 2
e=hiba =7 7.5 5,5 5.3 74
1 2z 1z 1z 2z 2z 3z 3z 4z 4z
T i z€C,
1-142—-3+4—-546-T+8—9 4
([JoTh80], p 207). (See also (4.1.4).) The odd part of this continued fraction is
2z 22 22 22 2P
=1 —_ = = — ; C 221
¢ T i 641044180 €5 (2.21)
([Khov63], p 114).
o1y 2 2 2 32 Z€C, (2.2.2)

1—242—24+3—24+4—2+--- :
([JoTh&0], p 272).

z

Since e* = 1/e™*, we can find three more expansions from (2.2.1)-(2.2.2) by use of (1.2.1).
For instance, (2.2.2) transforms into
z 1z 2z 3z

.1
S . 2eC 2.2.3
€ Tl 152-242-312-d424...0 5 (2:2.3)
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([Khov63], p 113).

1 1 1 1 1 1 1 1
1z _q 1 z - - C 2.2.4
¢ P a1 1432 14141452 —1414... ° €5 (2.2.4)
([Khru06b]).
Lambert’s continued fraction
z _ ,—z 2 2 2
€ € _ z .z €C, (2.2.5)

2z Z
e#+e* 143 +5+T7 4
([Wall48], p 349), is easily obtained from (2.2.1) by use of (1.2.2).

A.2.3 The general binomial function

The general binomial function (1 + z)® is a multivalued function. As already mentioned
in the introduction, we shall always let (1 + 2)® mean the principal part of this function;
i.e., as always,

(1+2) := exp(aLn(l + 2)) where —7 < Im(Ln(1+ 2)) <.

We then have the following expansions:

+2)* =2 (—a,1;1;—2)
az (I+a)z (1-a)z 2+a)z 2-a)z B+a)z B-a)z (2.3.1)
1+ 2 + 3 + 2 + 5 + 2 + T 4+

for a € C and |arg(z+1)| < 7, ([JoTh80], p 202). (See also (3.1.6).) The odd part of this
continued fraction is

(
_1
1

(142)* =

20z (1?2 —a?)2? (22 —a?)2? (3% —a?)2? (2.32)
2+ (1-—a)z— 3(z+2) — 5(z+2) — 7(z+2) —---
for a € C and |arg(z + 1)| < 7, ([Khov63], p 105). (2.3.2) is also the odd part of

1+

(1+2)*=
1 az lI-a)z (I+a)z 2-a)z 2+a)z (B—a)z (2.3.3)
1-1(1+2)— 2 -30+2- 2 -51+2- 2 —...

for a € C and |arg(z + 1)| < 7, ([Khov63], p 101).

az 114+ a)z(14+2) 22+ a)z(1+2)
+(1+a)z— 24+B4+a)z — 3+bB+a)z —--
([Khov63], p 101). D, := {(a,2) € C* Re(z) # —3%, z # —1}, Dy = {(o,2) €
C?%* Re(z) > —3}.

(1+2)" = %_ (2.3.4)

o« 1 az 11— )z 22— )z 3(3— )z
(1+2)" = 1-14+az42—(1—a)z4+3—(2—a)z+4— (B3 —a)z+--- (2:3:5)
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([Khov63], p 102). D. := {(«a,2) € C?; |z| # 1}, D := {(, 2) € C?; |2| < 1}.

The general binomial function satisfies (14 2)® = 1/(1+ z)~“. Hence the equality (1.2.1)
applied to these 5 expansions gives us 5 new ones. To find a continued fraction expansion

for
z4+1\“ 2 &

we can use any of the 5 expansions (2.3.1)—(2.3.5) with z replaced by 2/(z — 1).

Laguerre’s continued fraction

a 2 _ 42 2 _ 62 2 a2
z+1 -1 20« 1" « 27 « 3 7 (2.3.7)
z—1 z—a+ 3z 4+ bz + Tz +4-..
for o € C and z € C\ [—1, 1], ([Perr57], p 153).
A1 z2—1 (1z—1(z—1) (lz+1)(z—1)
1z + 2 + 3z + (2.3.8)
2z—1D(z—1) (2z+1D(z—1) Bz—1)(2—1) (Bz+1)(z—1) -
2 n 52 n 2 4 72 T
for |arg z| < m, ([Khov63], p 109). The even part of (2.3.8) is
2 2 2
e 1+2(z— 1) (12 =1)(z—1)
2241 — 3z(z+1) — (2.3.9)
(2222 = 1)(z—1)% (3227 —1)(z — 1)? o
52(z+ 1) - T2(z+1) —
for |arg z| < m, ([Khov63], p 110).
1+az\" 1 2a0(a — b)z (a—b)?(1%2 = a?)2?
1+bz) 24 (a+b—ala—0))z— 32+ (a+b)z) —
20692 2y,2 2092 2y,2 (2.3.10)
(a—=0)*(2° —a®)z* (a—0b)*(3" —a’)z
524 (a+b)z) — 72+ (a+b)z) —---
for a € C and QL(Z:;’Z)Z € C\ [-1,1], ([Perr57], p 264). (Note that Z(tl(it)bf = iJ_rZ for
z:=1+az y:=1+bz.)
A.2.4 The natural logarithm
Ln(l+ 2z) = z21(1,1;2; —2) —z/l dt
— <2014, 1, 4 - o 1+ 2t
_ 1z 1z 2z 2z 3z 3z 4z 4z (2.4.1)

z
1+ 243 +2454+247+2+9+--

z 12z 12z 22z 22z 32z 32z 422 422

1+ 2 +3+4+54+6+7+84+9 4.
for |arg(l + 2)| < 7, ([JoTh80], p 203). (See also (3.1.6).)
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z z 1 z 1/2 =z 1 z 2/3
RS prus s S prupsl S prapsill S sl S prp (2.4.2)
for |arg(l + z)| < m, ([JoTh80], p 319). Here the continued fraction has the form
K(an(2)/bn(2)) where all azn(2) = —2, aan-1(2) =1 and aan+1(2) =n/(n+1). (2.4.1) is
the even part of (2.4.2). The odd part of (2.4.2) can be written

Ln(l+2) =

N I
1+2 243 4245 +24T7T+24+9+ 2 +---
:i{l z 1-22 1-22 232 2.3z 3-42 3-4z }

142 24 3 4+ 4 4+ 5 4 6 4+ 7 4+ 8 4.
for |arg(1 4 z)| < w. The even part of (2.4.1) is

(2.4.3)

2z 1222 2222 3227
1(24+2)-302+2)-5(2+2)—-72+2)—---
for |arg(1 + 2z)| < 7, ([Khov63], p 111).

Ln(l+42) = (2.4.4)

z 122 222 32, 42, 522
Ln(1 _Z 2.4.5
M2 = 0 3 94T 3745 446 Big.. (2.4.5)

([Khov63], p 111). D.:={z € C; |z| # 1}, Dy :={z € C; |z] < 1}.

Ln(l+42) = —Ln (L> =—Ln (1 S ) (2.4.6)

1+z

can be applied to (2.4.1)—(2.4.5) to get 5 new continued fraction expansions. For instance,
from (2.4.1) we get

The connection

z 1z 1z 2z 2z 3z 3z
Lo(l+2) = 2 el oz 2.4.
TG s B N s S M s s (24.7)

for |arg(l + 2)| < 7, ([Khov63], p 110), and from (2.4.5)

z 122(1+2) 2%2(1+2) 3%2(1+2)
Ln(1 = 2.4.8
O S NI S I S S (248)

([Khov63], p 111). D, := {z € C; Re(z) # —3}, Dy := {z € C; Re(z) > —1}.

1+z 5 2z bodt
L( — 22, Fi(L 1822 = 1 (1 - /
" l—z) 22F1(3,155;27) = In +1—z> it (2.49)
_ 2z 1222 2227 3227 47222 o
TT1-3 -5 -7 — 9 —...
for |arg(1 — z?)| < m, ([JoTh80], p 203). (See also (3.1.6).) From this we also get
z4+1 1+1/z 2 17 22 3% 42
L -L _z2 B2 s 4 2.4.10
n(z71> n(lfl/z> z2—32—50z—Tz—9z—--- ( )

for z € C\ [—1,1], ([Perr57], p 155). Of course, also other continued fraction expansions
for Ln(1 4 z) can be used to derive expressions for Ln((1 + 2)/(1 — 2)).
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A.2.5 Trigonometric and hyperbolic functions

sin z oF1(3/2;—2%/4) 2 22 2% 22 2
t = = == = — = — ; C 2.5.1
MEI oss  CoFi(1)2—24) 1-3-5-T-9-.... %€ (25.1)

([JoTh80], p 211), (See also (3.1.1).) The odd part of (2.5.1) is

fan s — 5 & 52° 1-92*
B 1-3:5—622—-5-7-9— 1422 — (25.2)
5-132* 9-172* Lec o
9-11-13—-2222-13-15-17— 3022 —... ’
Another type of expansion is
22 92 2 g2 2 2 2
tan 2% = 2 V-2 -2 5-2 7T-= ; 2 €C, (2.5.3)

4 14 2 4+ 2 4+ 2 4 2 4.
([Perr57], p 35). From these expansions one also gets continued fractions for cotz =
1/tan z, tanh z = —itan(iz) and coth z = i/ tan(iz).

Quite another type of expansion for tan z follows from the identity

(1+itanz)® — (1 —itanz)® y—1

¢ - - 2.5.4
anos Z(l—i—itanz)o‘—i—(l—itanz)a Zy—i—l’ ( )

where y := ((1 4+ itanz)/(1 — itanz))® can be expanded according to (2.3.7). Combined
with (1.2.2) we get

atanz  (a? —1%tan?z (a® —2%)tan’z (a? — 3%)tan® 2

1 - 3 — 5 — 7 —..
([Khov63], p 108). D. := {(a,2) € C?% Re(cosz) # 0}, Dy := {(a,2) € C?|Re(2)| <
w/2}.

tanaz =

(2.5.5)

1 1 1 1
thi=14— — — — . o5
R +3z+52+7z+9z+...’zec’ (2.5.6)
([KhruO6b]).
2 12,2 | 12 20,2 | o2 2, 2 | o2
T2 ™ g L LEEHT) 2T +2Y) 377 +37) (25
2 2 1+ 3 + 5 + 7 NI

for all z € C, ([ABJL92], entry 44).

atanh(rb/2) — btanh(ma/2) ab (a® +1)(b°> +1%) (a®+2°)(b> +2%)

== 2.5.
atanh(ma/2) — btanh(wb/2) 14+ 3 + 5 (2:58)
for all a,b € C, ([ABJL92], entry 47).
: o 2 4 44 4 o4 44 a4
sinh(7z) — sin(7z) _ 22 47 +1 47 +2° 42743 (2.5.9)

sinh(7z) + sin(7z) 1+ 3 4+ 5 4+ 7T 4.
for all z € C, ([ABJL92], entry 49).
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A.2.6 Inverse trigonometric and hyperbolic functions

(2.6.1)

for |arg(1 + 2%)| < m; ie. z € C\ i((—o0,—1] U [1,00)), ([JoTh80], p 202). (See also
(3.1.6).) This continued fraction can also be written

233227 2222 5222 422 722 6222

Arct =z = 2.6.2
PRARET AT TS 47T 4+ 9 4 11 4 13 4 15 4. (262)
for z € C\ i((—o0, —1] U [1,00)), ([Khov63], p 117).
2 2 2 2 2
Arctan » — z 1-2z 1-2z 3-4z 3.4z 5.6z (2.6.3)

1(1+22)— 3 —-5(1+2%)- 7 —-91+22)—- 11 —- ..

for z € C\ i((—o0, —1] U [1,00)), ([Khov63], p 121). (This follows from (2.6.6) with z
replaced by z(1+ 2%)71/2.) Since Artanh z = iArctan(—iz), we also get continued fraction
expansions for Artanh z from (2.6.1)— (2.6.3).

Also expressions for

/1= 22
Arcsinz = Arctan<;> ,  Arccosz = Arctan<¥>
N z

can be obtained. For instance, from (2.6.1) we get

Arcsinz z 1222 2222 3222 4227 (2.6.4)

VI—22 1(1—-22)4 3 4+5(1—22)4+ 7 +9(1 —22)+--- o
for |arg(1 — 2?)| < 7, ([Khov63], p 118) and

Arccosz 1 1%(1—27%) 2°(1—2%) 3%(1—2?%) (2.6.5)

Vi—z2 z+ 32 4+ bz + Tz 4]
([Khov63], p 119). Here D, := {z € C; Rez # 0} and Dy := {z € C; Rez > 0}. We also
have

Arcsinz _ ; 2F1(%,3:3:27)
VI=22  oFi(3,-5i5322)
(2.6.6)
oz 1-22% 1-22% 3.42° 3.42° 5.62° 5.62°
T 1- 3 — 5 — 7 — 9 — 11 — 13 —...

for |arg(1 — 2%)| < m, ([JoTh80], p 203), and thus, since Arccosz = Arcsin/1 — 22 for
0<z<12

z 1:2(1-2%) 1-2(1-2%) 3-4(1-2%) 3-4(1-2%
V122 1- 3 - 5 - 7 - 9 —

(2.6.7)
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([Khov63], p 121) where D, := {z € C; Re(z) # 0}, Dy := {z € C; Re(z) > 0}.

Similar expressions for inverse hyperbolic functions can be derived, since Arsinhz =

iArcsin(—iz) and (Arcosh z)/v/22 — 1 = (Arccosz)/vV1— 22 for 0 < 2 < 7.

A neat formula can be obtained from (3.2.6) in the following way

iz+1\" _ . iz 4+ 1\\
<iz — 1) = exp (zaLn(iZ — 1)) = exp(2aArctan(1/z))

(2.6.8)
20 a?+1% a?+22 a?+3?
=1+
z—a+ 3z + Sz 4+ Tz A4
for |arg(1 4 1/2%)| < m, i.e. z € i[—1,1], ((Wall57], p 346).
Arsinhz_p s ey o2 220 214E7) 4 40+ (2.6.9)
(1+z2)1/2_21”27 T4+ 1+ 1 + 1 + 1 4. e
for z € R, ([ABJL92], entry 37).
12 2(142%) 322 4(1+2%)
Arctanz — zoFy (2. 1:3. 5%y = 2 1% = 2.6.10
rctanz = z2Fi(5,1; 5;—2") 1+ 1+ 1 414 1 4. ( )

for z € R, ([ABJL92], entry 38).

A.2.7 Continued fractions with simple values

The continued fractions in this section all have easy to find tail sequences ([Lore08c|). The
first one is taken from ([Perr57], p 279). It converges for all pairs (a,z) € C?, but the
equality

z 2z 3z
0=—a-— 2.7.1
¢ Z+1—a—z—|—2—a—z+3—a—z+--- ( )

given by Perron is only claimed for z # 0 and ¢ € NU{0}. In our next continued fraction
the constant sequence {1} is always a tail sequence, so

z+1 242 243 z+4
1= ; C\ (-N 2.7.2
z +z+14z4+242+34-.." 2€CA (=), ( )
([Bern89], p 112). (See also (3.1.5) with z :=1, a :== 2+ 1 and ¢ := z + 1.) The sequence
of tail values for the next continued fraction is also known ([Lore08c]); it is in fact tg := 1,
tnt1 := z 4+ na for n > 0. Hence

z4+a (z4+a)?—d*> (z4+2a)*—a® (z+3a) —d?

a —+ a + a + a 4.
for a # 0 and z/a ¢ (—N), ([Bern89], p 118). (See also (3.1.8) with z := —1, a := 0,
b:=(z/a) —2 and c:= z/a.)

1= (2.7.3)
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_ab (a+d)(b+d) (a+2d)(b+ 2d)

a+b+d— a+b+3d — a+b+bd —-..7
([Bern89], p 119). Here D, := {(a,b,d) € C*; Re((a—b)/d) # 0 or a = b}. Both {—a—nd}
and {—b — nd} are tail sequences, so the value of the continued fraction is either a or b.
The value is a in Dy := {(a,b,d) € C*; Re((a —b)/d) < 0 or a = b}. (See also (3.1.6) with
z =1, a replaced by (a +d)/2d, b replaced by a/2d and c replaced by (a + b+ d)/2d.) For
b = a replaced by a + 1 and d := 1, (3.7.4) can be transformed into

(2.7.4)

(a+1)? (a+2)? (a+3)?

— 204 1— .
a=za+t 2+3 — 2a+5 — 2a4+7 —-

aeC, (2.7.5)

([Perr57], p 105).

- abz (a+1D(b+1)z (a+2)(b+2)z

T b—(a+1)z4+b+1—(a+2)24+b+2—(a+3)z+---
([Perr57], p 290). D, := {(a,b,2) € C3; |2| #1 and b#0,—1,-2,...}, Dy := {(a,b,2) €
D.; |z| < 1}. (See also (3.1.8) with z replaced by —z, a replaced by b —a, and b = ¢
replaced by b —1.)

az (2.7.6)

z+a+1:z—|—a z+2a z+ 3a (2.7.7)
z+1 z—14+z4+a—14+2z4+2a—1+..." o
([Bern89], p 115). D. :={(a,2z) € C* a# 0 and z/a #0,—1,-2,...} U{(a,2) € C*; a =
0 and |z| # 1}, Dy := {(a,2) € Dg; if a = 0, then |z| > 1}. (See also (3.1.5) with z
replaced by 1/a, a replaced by z/a+1 and ¢ replaced by z/a.) If we instead let z = 1 and
replace a by z — 1, ¢ by z — 3 in (3.1.5) we get

z2+z+1_ z z+1 z42 243 z+4

22—24+1 2-342—-2+42—-14 2z +z+1+4-..’
([Bern89], p 118). D.:=C, Dy :=={2€ C; 2 #0,—1,—-2,...}. For z:=1,a:= z — 1 and
¢:=z—41in (3.1.5) we get

(2.7.8)

2242241 z z4+1 z+2 243 z+4

(z—1)34+2(z-1)+1 T 442z 34224214 2z 4.7 (2.7.9)
([Bern89], p 118). D.:=C, Dy :={2€C; 2 #0,—1,-2,...}.
A.3 Hypergeometric functions
A.3.1 General expressions
oFi (C; 2) _ Z o i (C, Z) (= (CQ, (311)

COFl(c—l—l;z) =ot ct+l+c+24+c+3+--- :
([JoTh&0], p 210).
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2Fo(a, b; z) ez b+Dz (a+1)z (b+2)z (a+2)z (3.1.2)
o Fy(a,b+1;2) 1- 1 - 1 - 1 - 1 —... o

for (a,b,z) € C* with |arg(—z)| < 7, ([JoTh80], p 213). The even part of this one is

2Fo(a,byz) 14 az (a+D)(b+1)2* (a+2)(b+2)2°
2 Fy(a,b+1;2) b+1)z—1—(a+b+3)z—1—(a+b+5)z—1—--.

(3.1.3)
for (a,b,2) € C* with |arg(—z)| < .

. 1Fi(a;¢2) e (c—a)z (a+1)z
1F1(a—|—1;c+1;2)_ c+1 + c+2
(c—a+1)z (a+2)z (c—a+2)z . (a,0,2) € C°,
- c+3 4+ ¢c+4 — c+5 4.

([JoTh80], p 206).

(3.1.4)

1Fila+ e+ 1;2) ¢ (a+1)z (a+2)z (a+3)z (3.1.5)
1F1(a;¢; 2) T c—z4ct+l—z4ce+2—z4c+3—z4.-. o

for (a,c,z) € C*, ([JoTh80], p 278).

. o Fi(a,b;¢c; 2) e alc=0bz b+ (c—a+1)z
2Fi(a,b+1;c+1;2) c+1 — c+2
(a+1)(c=b+1)z (b+2)(c—a+2)z (a+2)(c—b+2)z
— c+3 - c+4 - c+5 —
for (a,b,c,z) € C* with |arg(1 — 2)| <, ([JoTh80], p 199). The Nérlund fraction has the
form

(3.1.6)

.. 2 Fi(a,b;c; z) (@a+1)(b+1)(z—2%)
2Fi(a+1,b+1;¢+1;2) c+1—(a+b+3)z +
(a+2)(b+2)(z—2%) (a+3)(b+3)(z—2?)
c+2—(a+b+5)z + c+3—(a+b+T)z +---
([LoWa92], p 304). D. := {(a,b,c,z) € C*; Re(z) # 1}, Dy := {(a,b,c,2) € C*; Re(z) <
1}. The Euler fraction has the form

=c—(a+b+1)z+
(3.1.7)

.. 2Fi(a,b;c; z) (c—a+1)b+ 1)z
2F1(a,b+ 1;¢+ 15 2) ctl+(b—a+2)z—
(c—a+2)b+2)z (c—a+3)(b+3)z
c+2+(b—-—a+3)z—c+3+(b—a+4)z—-.."~
([LoWa92], p 308). D. := {(a,b,c,z) € C* |z| # 1}, D. := {(a,b,c,2) € C* |z| <
1, (c—a)#-1,-2,-3,... }.
By setting b := 0 in (3.1.2), (3.1.5), (3.1.6) or (3.1.7) and using (1.2.1) we get continued
fraction expansions for 2Fy(a,1;2) and 2Fi(a,1;¢ + 1;z). Similarly, a := 0 in (3.1.3) or
(3.1.4) gives continued fraction expansions for 1 F1(1;¢+ 1;2). A different expansion is

=c+(b—a+1)z—

(3.1.8)
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'l —a)l'(c+1) (1—2)°
Fi(a,lic+1;2) = -
2 1((1, e+ 72) P(C—a+1) (—Z)C
c 11-¢)(z—1) 2(2-¢)(z—1)
l—c+(a—1z4+3—c+(a—2)z+5—c+(a—3)z+4---~
([Bern89], p 164). D, := {(a,c,2) € C3 |z — 1| # 1}, Dy := {(a,c,2) € C% |z — 1| <
1and ¢#0,1,2,...}. From this follows after some computation, ([Bern89], p 165) that

(3.1.9)

T 1 1-— 1 2- 2 33—
1F1(1;c+1;z):e (e+1) ¢ c c c

z¢ z+ 1 424+ 1 424 1 ... (3.1.10)
ellc+1) c 11-¢) 2(2-¢) 3(B3-¢) o
B z¢ z+1—c—2+3—-c—2+5—c—2+7—c—---

for |arg z| < m, ([Bern89], p 165) (the second continued fraction is the even part of the
first one).

A.3.2 Special examples with F;

The Bessel function of the first kind and order v is

(VN CDRE2* (2/2) 22
Ju(z) = (5) kZ:O KT(v+k+1) T(v+ 1)°F1(”+1’_7)’ (3:2.1)

so that by (3.1.1)

Ju+1(2’) _ z . 0F1(ll+2; —22/4)
Jo(z) 2w+ 1) oFi(v+1;—22/4)
, ! , (3.2.2)
- z z z z
T 2v+ D) —2w+2)—2(w+3) =2 +4)—. ..
for z€e C,v# —1,-2,-3,..., ([JoTh80], p 211).
A.3.3 Special examples with 5 Fj
The connection (see for instance ([Wall48], p 352, p 355))
1 r 00 e—tta—l 1 r 00 e—ttb—l
F LR ~ = — —_— . 1
2Fofa,bi=2) ~ s /O - T /0 St 63

implies that (3.1.2) — (3.1.3) lead to continued fraction expansions for ratios of such inte-
grals. In particular, the incomplete gamma function I'(a, z) satisfies

I'(a,z) = / e Tt ~ e P2 T Fo(1 —a,1;—1/2), (3.3.2)

z

([EMOT53], p 266). Hence, by (3.1.2)
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e*2% 1—-a 1 2—a 2 3—a 3
z 4+ 1 +4z+ 1 424 1 424
e 1(1—a) 22-a) 3(3—a)
l+z—-a-34+z—a-5+z—a—-T+z—a—--
for (a,2) € C? with |argz| < 7, ([AbSt65], p 260, p 263), ([Khov63], p 144), where the
second continued fraction is the even part of the first one.

T'(a,z) =

(3.3.3)

This (and the expressions to come) are to be interpreted in the following way: The integral
in (3.3.2) is taken for real z. Then I'(a, z) is the analytic continuation of this function to
the given domain.

The complementary error function erfc z satisfies

2 (= 1 1
erfc z := 7 / eVt = ﬁr(%7z2) ~ ﬁefngleo(%, 1;,-1/2%) (3.3.4)

([EMOT53], p 266), which means that by (3.1.2)

ezl"i"(:,Z'zlca_z2{i 2 4 6 8 }

VT 22 4224224224224 --

2 e oz 1.2 3.4 5-6 7.8 (3.3.5)
RV {1+2z2_5+2z2_9+2z2_13+2z2_17+2z2_...}’

([JoTh80], p 219). (There is a slightly different notation in ([JoTh80]).) D. := {z €
C; Rez # 0}, Dy := {z € C; Rez > 0}. Again the second continued fraction is the even
part of the first one. If we integrate this complementary error function we get similar
expressions:

_ 2 _ e
iterfcr = ——¢ 22, i®erfc z = erfc z, i"erfc z :/ i"terfct dt (3.3.6)

NG

forn=1,2,3,.... Therefore

i"terfc z _ 9, 2 Fo (24, 2 —1/2%)
i"erfc z 2Fo (2, 2 4+ 15 —1/22)

(3.3.7)
2(n+1) 2(n+2) 2(n+3)
=2z +
2z 4+ 2z 4+ 2z 4.
([JoTh80], p 219). D. := {(n, z) € C* Rez # 0}, Dy := {(n,2) € C? Rez > 0}.
For the exponential integral
[e5S] 67t e ?
—Ei(=2) := / Tdt ~ = 2Fo(1,1;—1), (3.3.8)
([EMOTS53], p 267), we get by (3.1.2) and its even part
Bieg_ ¢~ 1122334
z +1l4+z4+1424+14+2+1+--. (3.3.9)
o—? 12 92 32 42

T 142-342-5+2-T+2-9+2—---
for |arg z| < 7, ([Khov63], p 145).
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Similarly, for the logarithmic integral

.7 dt 2 1 1 2 2

liz:= = Bi(Lnz) = Lnz—1—Inz—1—Lnz—-.
=z 12 22 32 42
1-Inz—3—-—Lnz—5—Lnz—7—Lnz—9—Lnz—...

(3.3.10)

for |arg(—Ln z)| < 7.

The plasma dispersion function is

2
() :== / =iy/me * erfe(—iz)
f (3.3.11)
1-2 3-4 5-6 7-8
1,222,5,222,9,222,13,222,17,222,,,,’

([JoTh8&0], p 219). D, :={z € C; Im(z) # 0}, Dy := {z € C; Im(z) > 0}.

1

+

jooo taefbt7t2/2dt a 2Fp (

1
bﬁ) a a+1 a+2 a+3

== ., (3.3.12
1;7%2) b+ b + b + b 4 ( )

fooo fa—lo—bt—t2/2q¢ b 2FO(

\ N

m\@ M\Q

([Perr57], p 297). D, := {(a,b) € C*; Reb # 0}, Dy := {(a,b) € C* Reb > 0}.

A.3.4 Special examples with | F}

From ([EMOT53], p 255) it follows that

1F1(a;62) = %/o A O B S (3.4.1)

for Re(c) > 0, Re(a) > 0. Hence (3.1.4), (3.1.5) and (3.1.10) lead to continued fraction
expansions of ratios of such integrals.

The error function is given by

erf (2) : / z1F1(% 3,-2%), ([EMOTS53], p 266)
G f . (3.4.2)
Fi(1;2;2%), ([JoTh80], p 282).
\/» 1 5)
Hence,
ef ()= 267 2 20 427 62 82
1- 3 +5 -7+ 9 —
VT * + (3.4.3)

—22 2 2 2
2e z 4z 8z 12z
Va1 —=22243—-222 45— 22247 —2224...
for z € C, ([JoTh8&0], p 208 and 282).

The error function is related to Dawson’s integral

/ Tt = Zferf( 2),  ([JoTh80], p 208) (3.4.4)
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and to the Fresnel integrals

L N T2 L = T2
C(z) .—/0 cos (2t )dt, S(z) .—/0 sin <2t )dt (3.4.5)
by
z . N —im/2 -z
C(z) +1S( ):/ et dt —2/ e du
o o (3.4.6)

The incomplete gamma function

v(a,z) := / e it ldt = Z e 1Fi(l;a+1;2)
0 a

2% % az 1z (a+1)z 2z (a+2)z

a —a+l4+a+2— a+3 +a+4— a+5 +---
e

a

(3.4.7)

= az (I1+a)z (2+a)z (B+a)z
-1+a+2-2+a+2-3+a+z—-4+a+2z—---

2°

for all (a, z) € C?, ([JoTh80], p 209), ([Khov63], p 149-150).
The Coulomb wave function
Fr(n,p)=p" e *Cr(n)1 Fi(L + 1 —in; 2L + 2; 2ip) (3.4.8)

where Cr(n) = 2% exp(—mn/2)|T(L + 1 +in)|/(2L+ 1) for n €R, p> 0 and L € NU {0}
satisfies

Fi(np) _  (L+D(L* 407" L(L+2)(L+1)° +7%)
Fr—i(n,p)  QL+1)(n+ L(L+1)/p)—(2L+3)(n+ (L+1)(L+2)/p)—
(L+1)(L+3)((L+2)° +7°)
(2L +5)(n+ (L+2)(L+3)/p)—--"

([JoTh80], p 216). D. := {(L,n,p) € C*; p # 0}, Dy := {(L,n,p) € (NU{0})xC?; p # 0}.

It is well known that

(3.4.9)

72

Z Z = —1F(la+12), (3.4.10)
k! a—l—k —

([Bern89], p 166). This means for instance that

o _\k —z _ _
Z (—2) _ L(a) e 1(1—a) 2(2-a) (3.4.11)
k! (a+ k) z® z+l—-a—-z2+3—-a—z+5—a—---

for (a, z) € C* with |arg z| < 7, and

- T .2 1 1-2 34 56
— L 3.4.12
;)1 3 2k:+1) 2:° T i4l-245-2+9-z+13—--. (84.12)
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for |arg z| < 7, ([Bern89], p 166), and

k z 5
—:/ et
3.-2k+ 1) J,

Mg

=0 . (3.4.13)
B £ e 1.2 3.4 5.6
2 22241-22245-2224+9-222+13—..."
([Bern89], p 166). D. :={z € C; Rez # 0}, Dy := {2z € C; Rez > 0}.
A.3.5 Special examples with 5 F}
z 4P p+1
o 1481 ¢ q q
_ P (0g +p+1)%27  (19)%27 (3.5.1)
Og+p+1+ lg+p+1 +2¢+p+1+
(g+p+1)%27 (29)*2
3¢g+p+1 +4g+p+1+4---
for p,q > 0 with |arg(1 + 27)| < 7, ([Khov63], p 126).
Incomplete beta functions are given by
z P
Ba(p,q) ::/ -t = C%2Fl(p, 1—qp+ 1) (3.5.2)
0
for p>0,¢g>0and 0 <z <1, ([EMOT53], p 87). Hence, by (3.1.6) and (3.1.8)
Balp+1,9) _ pr 2F1(p+1,1-g¢p+22)
Bx(p,a)  p+1 2Fi(p,1—gp+1i2)
_pr 1d-gz (+Hp+e+tDz (3.5.3)
p+l— p+2 — p+3 —
22-qz (p+2)pt+a+2)z
; arg(l —z)| <
g r2od G leg( @) <
for p > 0, ¢ > 0, ([JoTh80], p 217), and
Ba(p+1,9) _ px (ptg+Dlp+ Dz
Bu(p,q)  p+l+(p+@z—p+2+(p+q+ )z (3.5.4)

(Pta+2)(p+2)x
—p+3+(+tqg+2)z— -

I

([JoTh&0], p 217). D.:={p>0,q >0, 2 € C; |z| # 1}, Dy :={(p,q,x) € D¢; |z| < 1}.
Legendre functions of the first kind of degree av € R and order m € N U {0} are given
by

Pl (z) = %1—‘(?(—(’;&7::’;1)/0 (z+ (22 = 1) % cost)® cosmt dt

3.5.5
_ 1 (z+1 ’"/2F coat 1l —m i 5
TTA-m) \z—1 2 2 )
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From ([Gaut67], formula (6.1) on p 55) it follows that

Pl'(z) (m4+a)(m—-a—-1) (m+1+a)(m—a)

P 1(2) _ 2mz - _2(m+ 1)z -
(z2 - 1)1/2 (22 —1)1/2
(m+2+a)im+1—a)

2(m+2)z — ...

TEoe (3.5.6)
N (mta)(m—a—-1)vz2 -1 (m+1+a)(m—a)=?—-1)

2mz — 2(m+ 1)z _
m+2+a)(m+1—a)z®—1) (m+3+a)(m+2—a)z*>—-1)

2(m +2)z - 2(m+3)z — .

D. = {(a,m, z) € C* Re(z) #0}, Dy := {(a,m, 2) € R x (NU{0}) x C; Re(z) > 0}.

Legendre functions of the second kind of degree o € R and order m € NU{0} are given
by

o m T(a+1) i coshmt
Qa'(2) = (=1) Pla—m+1) /0 (z+ (22 — 1)1/2 cosh t)o+1 d

: (3.5.7)
_ me™T 1\m/2T(a+m+1) a2 ol 52
_(22)a+1( z2> D(a+m+3) 2By (HH5H2, g ot 5:1/27)
In ([JoTh80], p 205) it is proved that
W@ _ L (g, 0ImED fotmid)
Qia(z)  atmAl (2a+5)z — Ra+7)z - (35.8)

(a+m+4)? (a+m+5)? (a+m+6)? }
2a+9)z — a+11)z — 2a+13)z —.. )~

D. = {(a,m,2) € C* 2 ¢ [-1,1]}, Dy := {(a,m, 2) € R x (NU{0}) x C; 2 ¢ [-1,1]}.

A.3.6 Some integrals

Hypergeometric functions can be written in terms of integrals. This has already been used
to some extent in the preceding subsections, and we refer to ([AbSt65]) and ([EMOT53])
for further details. Here we shall just list some simple examples without bringing in the
hypergeometric functions themselves.

1 oo
P 11 1 1 1
e dx = - = ———; s €C, 3.6.1
/0 s+s+14s+14s+ 1+ Z(s+1)n (86.1)

([Khru06b]). )

ogs 112 22 32 2. (—1)k - 4
dp=- — = 2 =00 o 2 6.2
/0 1+ 22 v S+ S+ 8+ 85+--- Z3—1—216—&—1 ICE::I(S—&—Qk)Z—l7 (3.6.2)

k=0
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([KhruO6b)). D, := {s € C; Res # 0}, Dy := {s € C; Res > 0}.

e tdt 1 17 2?2 32
= ; 3.6.3
/0 Tz stl-s73-2%5-7+7_...0 lwezl<m (3:6:3)
([BoSh89], p 20).
oo €7t/z
—dt
/O (1+t)n
_z nz lz (n+1l)z 2z (n+2)z 3z (3.6.4)
I+ 1T +1+ 1 +14 1 414

z nz? 2(n 4 1)2? 3(n +2)2?
l1+nz—1+n+2)z—14+n+4)z—1+(n+6)z—---
for (n,z) € R x C with |argz| < , ([BoSh89], p 157). The second continued fraction is
the even part of the first one.

- (—D*
L gt=- == 22 =2 ,
cosh? t z4+ 2z + 2z + z 4. ZkZ:(J(z+2k)(z+2k+2)

oo TtE 1 1-2 2-3 3-4
/ € 22 (3.6.5)
0

([Khru0O6b)). D, :={z € C; Rez # 0}, Dy := {2z € C; Rez > 0}.

For Jacobi’s elliptic functions snt, cnt and dnt¢ with modulus k& we have

0o s 1 1223k;2 3425k2
tdt = 3.6.6
/0 o PITET2- POt 2R ) 2. 300

([Wall48], p 374). D, := {(k,z) € C?; |k| # 1}, Dy := {(k,2) € C%; |k| < 1},

a2 2 2.3%. 4k? 4.5 6k°
tdt = 6.7
e s s w67

([Walld8], p 375). D, :={(k,2) € C?; |k| # 1}, Dy := {(k,2) € C?; |k| < 1},

/oo s 1 12 22k2 32 42k2 52

e “entdt=- — — — ,
0 Z4 24 z d+z4 oz +z A
([Perr57], p 220). D, :={(k,z) € Rx C; Rez # 0}, Dy :={(k,2) € R x C; Rez > 0},

(3.6.8)

oo 21.2 2 21.2 2 21.2
/ e dntdr— L LR 2 3K 4T 5k , (3.6.9)
0 z2+ 2z 4+ 24+ 2z 424 2z ---

([Walld8], p 374). D. := {(k,z) € R x C; Rez # 0}, Dy := {(k,z) € R x C; Rez > 0},
and

/ snt cnte,tzdt _
0 dnt

1 1-2%.3k4 3.42.5k%
2-12(2—k2) +22-2-32(2—k2) +22-2-52(2 — k2) + 22— ..

(3.6.10)
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for (k,z) € C* with |1 — k?| < 1, ([Wall48], p 375).

e 1—c¢ R r* ar rc® (a4 1)r 2rc® (a+2)r
=" ar rc latlr Zrc (a+2)r 3.6.11
A (wkw—@)e S S I

where 7 := (1 —¢)/(1 — ), for (a,b,c,z) € C* with a > 0, ¢® > 0 and |arg(r/z2)| < =,
([Wall4g], p 359).

dt =~ — — — 3.6.12
sinh ¢ 24+32+524+Tz 4+~ ( )

([Wall48], p 371). D.:={z € C; Rez # 0}, Dy := {2z € C; Rez > 0}.

/°° te”" o1t o2t 3
0

oo 2t67tz oo teftz e (71)71
——dt = dt:ZZ —
/ et +et / cosht z+1+2n)2
0 0 = ( ) (3.6.13)
1 417 417 4-2° 4.2°2 4.3
22—1+ 1 4+22-1+ 1 4+22-14 1 +..°
([Perr57], p 30). D. := {z € C; |arg(z* —1)| < 7}, Dy := {2 € C; Rez > 0 and z ¢
(0,1]}. For instance, for z =: v/5 we get

o0 fte V5t 112 12 22 22 32 3
dt=- — — — — — — Perrb7 30). 3.6.14
/0 cosht 1-1-1-5-14-14-1-5-14-14----’([err l:  30) ( )

A.3.7 Gamma function expressions by Ramanujan

Ramanujan produced quite a number of continued fraction expansions of ratios of gamma
functions. These ratios have all proved to be connected to hypergeometric functions,
([Ramab7], [Bern89]). We use Ramanujan’s notation

Hf(a+6b+c) =T(a+b+c)'(a—b+c),

[[T(@+eb+ec+d):=T(a+b+c+d)I(a—b+c+d)x (3.7.1)

€

xT(a+b—c+d)T'(a—b—c+d)

and so on. That is, € = 1, and the product is taken over all different combinations of
the es.

1—-R p 12-¢% 22-p* 32— g2 42_p?

1—|—R:z+ z 4+ z + z 4+ oz A4

p(itﬂ%ﬂii) p(iiﬂ%ﬂié) (3.7.2)
h R = .
where l:[F(z+p+sq+3) E[F(z—p+6q+1)’
4 4

([Bern89], p 156). D. :={(p,q,2) € C*; Rez # 0}, Dy := {(p,q,2) € C*; Rez > 0}.
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From this it follows that

0 k+1 k41
> v =
— z+q+2kz—1 z—q+2k—-1
_/°° cosh(qt)e™** dt—l 12— ¢? ﬁ 32 _ g2 £
) cosht T2+ oz o dz4+ oz oz

(3.7.3)

([Bern89], p 148), D. := {(q, 2) € C?; Rez # 0}, Dy := {(q, 2) € C?; Rez > 0}, and

0o o —tz 2 92 _ 2 92 42 _ 2
tanh {/ sinh(at)e dt} _a 1° 22-a® 3 4 —a ’ (3.7.4)
0

tcosht 2424 2z 424 oz e
([Walld8], p 372), D. := {(a,z) € C*; Rez # 0}, Dy := {(a, 2) € C?; Rez > 0}, and

P00 1 —tz
tanh{l / sinh(2at)e dt} _
2 Jo tcosht

3.7.5
a 12 —a? 22—a? 32-a® 42-4° ( )
z+ 2z + z 4+ oz 4+ oz 4]
([Walld8], p 371), D, := {(a,2) € C*; Rez # 0}, Dy := {(a,2) € C* Rez > 0}.
Solving (3.7.2) for 1/R gives
1 2 12_2 22_2 2_ 2 42_2
Z=14+-22 1 P.3 -4 P , (3.7.6)
R z2=p+ 2z + z + z + z 4

([Perr57], p 34). D. := {(p,2) € C? Rez # 0}, Dy := {(p,2) € C? Rez > 0}. The
values p := ¢ := 1/2 lead to

FQ(E) 2 1.3 3.5 5.7
2 1 . . .
= =1 _— — — for R 0 3.7.7
4I‘2 z+2 +2271+ z 4+ 2z 4+ 2z +--- or Re(z) > ( )
4
and thus, for z := 4n or z := 4n — 2 where n € N, we have
1 2:4-2n) ) 2  1-3 35 5-7
—— ) =1 - —— — 3.7.8
<1 3- (nfl)) +8n71+ 8n + 8n + 8n +---’ ( )
([Perr57]7 p 34),
2 . o e e —_— 2 . . .
2n“w (13 2n—-1) 14 2 1-3 3-5 5.7 (3.7.9)
2n —1 2-4----(2n) 8 —5+4+8n —44+8n —4+8n —4+--.

for n € N, ([Perr57], p 34).

Lo/ —¢\?
a+1 /ot (17+t> dt _a+1 (a+1)(a+2) (a+2)(a+3)

a /ltH 1—t bdt_ 2b + 2b + 2b 4+
o 1+t

(3.7.10)
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([Perr57], p 299). D, := {(a,b) € C% Re(b) # 0}, Dy := {(a,b) € C*; Re(b) > 0}. From
this follows directly that also

/la(ltydt
o 1+¢t) 1—t :1+a+1 (a+1D)(a+2) (a+2)(a+3)

Do (lot)" b 2 + 2b + 2b o
/0 (1+t) -

([Perr57], p 300). D. := {(a,b) € C*; Re(b) # 0}, Dy := {(a,b) € C?;, Re(d) > 0}. A
formula of the same character as (3.7.2) is

H (F<z+epieq+1))/(F<z+spisq+3)) _

] 1262 12-p2 32_¢2 32_p2 (3'7'12)
q p q p

1=+ -+ 1 4+22-14 1 422-1+.

(3.7.11)

([Bern89], p 159). D :={(p,q,2) € C°; |arg(z* = 1)] <7}, Dy := {(p,q,2) € C’; Rez >

r z4+eq+1
H 1 4 P—g £-g 52—
- F(z+sq+3>_z+ 2z + 2z 4+ 2z 4...’
4

(3.7.13)

([Bern89], p 140). D. := {(¢,2) € C%* Rez # 0}, D; := {(¢,2) € C*; Rez > 0}. For
g:=0and z:=4n — 1 or z:=4n + 1 for an n € N, this reduces to

1-3--(2n—1)\" 12 32 52

Wl (A G2 ) R | 3.7.14
m( 2-4----(2n) ) A R B2 — 24 ( )
([Perr57], p 36), or

1 /2n+1\"/2-4----(2n+2)\"° 12 32 52

1 —dn+1 3.7.15
w(n—i—l) (1~3~~--(2n+1) R S W SRR )

([Perr57], p 36).
A formula closely related to (3.7.13) is

. {/oo <l_cosh2at>e,w@} B
P 0 cosh 2t tS
2(12 —a?) 32 —a® 5% —d?

22 + 1 + 22 ...

(3.7.16)

1+

)

([Wall48], p 371). D, := {(a,2) € C?; Rez # 0}, D; := {(a,2) € C*; Rez > 0}.

The most involved of Ramanujan’s formulas of this type is
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R-Q 8abedh
R+Q  1{284 —(S2—2-0-1)2 —4(02 + 0+ 1)2} +
2 2 2 2 2 2 2 2 2 2
64(a® — 13)(b* — 1?)(c* — 12)(d* — 1%)(h? — 1?) (3.7.17)

3{28, — (82 —2-1-2)2 —4(12 + 1+ 1)}  +

64(a® — 2%)(b* — 22)(c® — 22)(d* — 2%)(h® — 2?)
5{254 — (S2—2-2-3)2 —4(22 + 2+ 1)2} +---

where Sy ::a‘l—&—b‘l—l—c‘l—l—d‘l—i—hfl—&—l7 So ::ot2—&—b2—|—c2—|—d2—|—hz—17 and
R::HF(G+5(b+c)+a(d+h)+1) -HF(““(HUZ)”(H}”“),

)

2 2
Q::Hr<a+5(b—c)—l2—a(d+h)+l) ‘Hr(a+5(b+c)—12—5(d—h)+1>7

(3.7.18)
([Bern89], p 163). The expansion (3.7.17) only holds if the continued fraction terminates.

1-R 2abc 4(a® - 12)(V* — 1%)( - 1?)
1+R 22—-a2-b2—c2+1+ 3(22 a? —b%2—c2+5) +
2 2
4(a ) —2%)(c* —2%) for (a,b,c,z) € C*  where
5(z2—a2—b2—c2+13) +-
(3.7.19)
F(Z—!—a—i—sb—&-c)—!—l) F(z—a+€(b—c)+1>
2

R_E[F(za+sb+c)+1).1:[F<z+a+s(bc)+1>’

([Bern89], p 157). The last number in each partial denominator of the continued fraction
(ie., 1,5, 13, ...) is the number 2n*> +2n +1forn=0,1,2,... .)

1-R

1+R

ab  (a® —1)(* —1%) (a® =2*)(b* —2%) (a® —3%)(b* - 3?)

;—1— 3z + 5z + Tz NI (3.7.20)

where R:HF(Z+€ +1>/HF<Z+E b)+1>’

([Bern89], p 155). D. := {(a,b,2z) € C*; Rez # 0}, Dy := {(a,b,2) € C?; Rez > 0}. In
particular

i{ 1 3 1 } g L1-R
z—a+2k+1 z+a+2k+1 b—=0b1+ R
k=0 (3.7.21)
a 12°(17 —a?) 2%(2° —a®) 3%(3% —d?)
o ;-1— 3z + 5z + Tz +- .-
for Re(z) > 0, ([Bern89], p 149).
i 1)+t 1 (a+120b+1)2 (a+2)2(b+2)2 (3.7.22)
b+k) T (a+)b+ D+ a+b+3 + a+b+5 o

k=1
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for (a,b) € C? with b # —1if a € (-N) and a # —1 if b € (—N), ([Bern89], p 123).

1-R ab 22— 2°2—ad® -V 4 -d° .
1+R 22—-1-a*>+ 1 +22-1+4+ 1 4+22-1+4.."
F(z+5 a+b) +3 z+a( b)+3> (3.7.23)
Ri= H (z+£ +b +1 /H z—|—5a—b)+l)
4

([Bern89], p 158). D, := {(a,b,2) € (C3; |arg(z® —1)| < 7}, Dy == {(a,b,2) € C*; Rez >
0} \ {(a,b,2) € C* 0 < z < 1}. Dividing (3.7.23) by a and letting a — 0 in this equality
gives

i -1* (=" _ /°° ,—t=sinh(bt)
= z—b+2k—|—1 24 b+2k+1] o cosht

b 22 —-p 22 42 b
2—14 1 422-14+ 1 +...°

([Bern89], p 150). D. := {(b,2) € C?; |arg(z® — 1)| < 7}, Dy := {(b,2) € C* Rez >
03\ {(b,2) € C? 0 < z < 1}. Of course, dividing this again by b and letting b — 0 gives

(3.7.24)

- (1" 1 22 22 42 42
i - 1 121 7.2
kZ:()(Z+2k}+1)2 z2_1+1+z2_1_‘_1+22_1+”.7 (37 5)

([Bern89], p 151). D, := {z € C; |arg(z®> —1)| < 7}, Dy := {z € C; Rez > 0} \ {z €
C, 0<z< 1}

S (- 1 1.2 23 3-4
1422 == — = - 3.7.26
+ Zkzlz—i—Qk 24+ 2z + 2z + 2z 4 ( )

([Bern89], p 151). D, :={z € C; Rez # 0}, Dy := {z € C; Rez > 0}.

— (-n* 1 1*> 1.2 2> 2.3 3
Zkzzl(z—i—k)2 2424+ 2 424+ 2z + 2 4-- ( )

([Bern89], p 152). D. :={z € C; Rez # 0}, Dy := {z € C; Rez > 0}.
c/ 51nhgt51nhbt6_tzdt _
0 sinh ct
ab 4-1%(12¢% — a®)(1%¢% — b?)
1(z24+c2—a?—=b?)—  3(2245c2—a?-1b?) —
4-22(2%c% — a?)(2%¢% — b?)
5(22 4 13¢2 — a2 — b2) —...’
where the coefficients for ¢ are 2k? 4+ 2k + 1 in the denominators ([Wall48], p 370). D. :=
{(a,b,c,z) € C*; ReZ #0}, Dy :={(a,b,c,z) € R*; ReZ >0 and Re(z+c—a—b) > 0}.

(3.7.28)

oo - 20122 _ 2 2002 .2 2
C/ sinhat ., a 17(1%" —a”) 27°(2°c” —a’) (3.7.29)
0

sinh ct ozt 3z + 5z 4.
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([}?7\/&1148]7 p 370). D, := {(a,c,z) € C* Re(z/c) # 0}, Dy := {(a,c,z) € C? Re(z/c) >
0}.

0o ~tz gy
/0 (cosht + asinht)® -
1 1-b(1—a?) 2b+1)(1—a?) 3(b+2)(1—d?
z+ab+z+a(b 2)+ z+4+alb+4) + z+ab+6) +-..°7
([Wall48], p 369). = {(a,b,2) € C* Rea # 0}, D; := {(a,b,2) € C* Rea >
0 and Re(b+ z) > 0}

(3.7.30)

e 1 1 4.1
/ o Fy (a7 b; M; —sinh?t ) At = ab
0

2 2+ (a+b+1)z+
4-2(a+1)(b+1)(a+b) 4‘3(a+2)(b+2)(a+b+1) (3.7.31)
+ (a+b+3)z + (a+b+5)z fe

([Walld8], p 370). D. :={(a,b,z) € C* Rez # 0}, Dy := {(a,b,2) € C*; Rez > 0}.

oo

C(3,z+1) Z z+k
=1 (3.7.32)
1 1° 1° 2° 2°
20224 2)+ 1 +6(22+2)+ 1 +10(22 4 2) +-- -
([Bern89], p. 153). D, := {z € C; |arg(s” + z)| < 7} = {#z € C; Rez # —3} \ [-1,0],

Dy :={z€C; Rez > —7} \ [~3,0]. The even part of this continued fraction is
1 1°
3 1) =
Bzt D) =52 71) 302+ 2:73) -
S . (3.7.33)
2 3

5(222 +22+7)—7(22% + 22 4+ 13) —

D :={z € C; Re(z* + %) # 0}, Dy := {z € C; Re(z* + 3) > 0}. (The numbers 1, 3, 7,
13,... in the denominators are n> +n 4+ 1 forn =0,1,2,....)

= 1 1
kz_o{z+a+b+2/c+1 L

1 1
z+a—b+2k+1_z—a+b+2k+1}

B i 8ab(z + 2k + 1) (3.7.34)
N = A{(z+2k+1)* —a® = 0%} — 4a?p?

B 2ab 2(1% — b?) 2(1% — a?)

T1(22 1)+ b2 — a2+ 1 +3(22—1)+b%—a%+

4(2% - b?) 4(2% — a?)

1 +5(22—1)+b2—a2+4..."
([Bern89], p 158). D. := {(a,b,2) € C? |arg(z®> —1)| < 7} = {(a,b,2) € C?, Rez #
0and z & (—=1,1)}, Dy := {(a,b,2) € C* Rez > 0and z ¢ (0,1)}. Dividing by 2a and
letting a — 0 in (3.7.34) leads to
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i B 1 i 4b(z + 2k + 1)
Pt z—b+2k+1) (z+b+2k+1)2 < {(2 + 2k +1)2 — b?}?
b 2(1% — b?) 2.12 4(22—b2) 4.2?

(2-1)+b+ 1 +3(2—-1)+b+ 1 +5(z2—1) 42+’
(3.7.35)
([Bern89], p 158). D. := {(b,z) € C%* Rez # Oand z ¢ (—-1,1)}, Dy := {(b,2) €
C?% Rez>0and z ¢ (0,1)}. The even part of this continued fraction is

i{ 1 B 1 } i 4b(z + 2k +1)

z2—b+2k+1)2 (z+b+2k+1)2 (2 + 2k +1)2 — b2}2

= U ) ( o 4 ’ (3.7.36)
b 4017 = )1t 4(22 —b2)24 4(3% - p?)3?

1(22 =02 4+1)=3(22 = b2 +5) = 5(22 = b? + 13) = 7(22 — b> + 25) —

D, :={(b,2z) € C* Rez #0}, Dy := {(b,2) € C? Rez > 0}. (Thenumbers 1, 5, 13, 25, ...
in the denominators have the form 2n? +2n 4+ 1 forn =0,1,2,3,....)

u—v 2¢®> 4da*+1* 4a* +2* 4a* 4+ 3%

-2 h
u+v lz+ 3z + b5z 4+ Tz 4. where
T () () anan
vi=
- (z—|—2k—|—1 }’ z+2a+1 z—2a+1
- M) ()
([ABJL92], entry 48). D. := {(a, z) € C; Rez # 0}, Dy := {(a,2) € C; Rez > 0}.
u—v a® a® —1° a® —2°
ut+v  1(222 422+ 1)4+3(222 + 22 +3) +5(222 + 22+ 7) +
where (3.7.38)

eI () )T (50 )

([ABJL92], entry 50). D. := {(a,2) € C*; Rez # —1}, Dy := {(a,z) € C*; Rez > —1}.

(The numbers 1, 3,7, ... in the denominators are the numbers n?4n+1forn=0,1,2,... J)
X, (—1)ky2ht 2 12,2 92,2 32,2
kZ:OrJerJrl " 1+a+3+a+5+a+T+a+--- (3.7.39)

where y:=(v/1+4+22-1)/z and r:=a/V/1+2?

for (a,z) € C? with |arg(2? + 1)| < ; i.e., 2 € C\ i((—00, —=1] U [1,00)), ([ABJLI2], entry
14). With the same notation and same region for (a, z), also

1\ o= (—1)ky? z 1-22% 2-.32% 3.-422
2 — 3.7.40
erT(ery)kZ_l r+ 2k 24+a+4+a+6+a+8+a+---’ ( )

([ABJL92], entry 15) and
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1 O 1)/2 b°° y
(H?) Z 'r+b+2k)_

=0
z 1-b2° (b+ Dz? 3(b+2)2?
at+btat+b+2+a+b+d+at+bt+6 -+
([ABJL92], entry 17), where b € C.

(3.7.41)

A.4 Basic hypergeometric functions

In this chapter we use the standard notation

2p1(a, b;c; q; 2 Z I ) T
n:O &4q n "
where (d;q)o :=1, (d;q)n (l—d)(l—dq)---(l—dq"_l) for n € N.

For convenience we always assume that ¢ € C with |¢| < 1, although the continued fraction
may well converge, even to the right value, for other values of q € C.

A.4.1 General expressions

(1 2pabice?)
201(a, bq; cq; q; )

ey (=)= (1=bg)(cg—a)z (1—aqg)(cg—blgz (4.1.1)
l—cg + 1-c® + 1-cf® +
(1-bg*)(cq® —a)gz (1 —ag®)(cq® —b)g°~
1—cq4 + 1—cq5 4

for (a,b,¢c,2) € C*, ((ABBWS5], p 14).

b;c;q; 2)
1—oc 201(a, b; ¢; g; — b0+ K(ay /b,
( )wl(aq,bq;cq;q;Z) (an/bn)

where an = (1 —aq™)(1 — bg")eq" ™' (1 — zabq" /c)z (41.2)
bn:=1—rcq" — (a+b—abg" —abg" ™ ")q" 2
for (a,b,c,z) € C*.
2¢1(a, by ¢33 2) (a —cq)(1 — bg)gz
gl —c)—/————"——=(1—-¢c)g+ (a—bq)z —
( )2<P1(a7bQ§CQ§q§Z) (1=ca+ ) (I —cq)q+ (a—bg*)z— (4.1.3)

(a—cq®)(1—bg’)qz (a—cq®)(1 —bg*)qz
(1-cg*)g+ (a—bg*)z — (L —cg®)g + (a—bg*)z — ---

for (a,b,¢c,2) € C*, ((ABBWS5], p 18).
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If we choose b =1 in (4.1.1), (4.1.2) or (4.1.3) we obtain continued fraction expansions for
201(a, ¢ ¢g; g; 2) or 2¢1(aq, g; ¢g; 4; 2)-

A.4.2 Two general results by Andrews

Gla,bcia) _ | aa+cq bq+cq® aq® +cq® bg® +cqt

G(agq,b,cq;q) I + 1 + 1 + 1 4.
i( ) qk(k+1)/2 k (4.2.1)
where G(a,b,c;q) := a’
= (G Dk(=bg; @)k

for (a,b,c) € C3, ([ABJL89], p 80).

. 2 3N 2
Hla1,02:219) g 4y, (LHaq2)gz (1+ag72)g°z
H(a1,a2;9z2;q) 1+b¢*z + 1+4+bg*z +---
where a:= —1/a1a2 and b:= —1/a1 — 1/a2 and
9z, 9z,
H( ) (a17q>oo (a27q)oo % (4.2.2)
ai,a2;2;q9) =
(qZ'Q) (1-=2)

x i 1 - 2¢™) (23 9)r(a1; @) (az; @) ug" D72 (a2?)"

z z
=0 (q,Q) ., .
al k a k

for (1/a1, 1/a2,z) € C*, (JABJL89], p 79).

A.4.3 g-expressions by Ramanujan

The formula (4.2.1) can also be found in Ramanujan’s lost notebook ([Andr79], p 90).
Quite a number of Ramanujan’s expressions are special cases of (4.2.1) and (4.2.2). We
refer in particular to ([ABJL92]) for more details. From (4.1.1) we find that

(000 (b D)oo + (3 Do (—b;0)oc 1 —q M(bq b. o ) (4.3.1)

_a—b (a—bg)(ag—b) (a—bg*)(ag® —b)g (a—bg*)(ag®—b)¢*
1—gq+ 1-¢3 + 1—¢b + 1-q" +oe

for (a,b) € C?, ([ABBWS5], p 14).

(070 oo (V’¢% g0 _ 1 (a—bg)(b—aq) (a—1bg")(b—ag’) (43.2)
(a2¢; ") oo (12q;¢Y) o0 1—ab+ (1 —ab)(¢® + 1)+ (1 —ab)(¢* +1) +--- o
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for (a,b) € C?, ([ABBWS5], entry 12).
F(b;a) . aq® aq®
F(b; aq) 1+bg+1+0bg*+1+bg?+- -
a®q
where F'(b;a) := D B BE——
(b = (=bg; )k (¢ )
for (a,b) € C?, ((ABBWS5], entry 15).
If we set a := 0 in (4.2.1) we get
ple) _ —14 Y bg+cq® g’ be’+eq' g’
o(cq) 1+ 1 +1+ Lo+ 1+
N q : (4.3.4)
where ¢(c —_
2:0 —bg; q)x)
([ABJL92], entry 56). If we moreover set b := —c¢, this reduces to
i kg2 _ 1 oca dd®—a) o’ elg' =) (43.5)
P 1+1+ 1 + 1 + 1 NI
([ABBWS5], p 22).
Gz _, @ ¢z ¢z 2 gz g’z
G(q2) 1+¢g+1+¢?-1+¢3+1+¢* -1+ +144¢5—- - (43.6)
oo (_Z)qu(k+l)/2 t
where G(z) := —
) kZ:O (% 6*)k
for z € C, ([ABJL92], formula 9.1).
(@*¢") _ 1 g q’ q° q (4.3.7)
(6:0%)c  1-14q-14+@ -1+ - 1+¢* — ..~ -
([ABJL92], entry 10).
(@’¢") 1 g ¢’ ¢’ (43.8)
(6:0%)sc  1-1+¢2—1+¢*—1+¢° ..~
([ABJL92], entry 11)
() 1 ¢ +q ¢ ¢+ ¢ (4.3.9)
(= ¢%) I+14 1 +1+4 1 4147
([ABJL92], entry 12)
(@d) _ 1 a+d® @+d" ¢+ (4.3.10)
{@%d%)}* 1+ 1 + 1 + 1 4.7 o

([ABJL89], thm 7).
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(@000 _ 1 0 ¢ ¢ o (4.3.11)
(6%¢°)c (6% 0%) 00 14141+ 1+ 140" -
(JABJL89], (5)).
(0:69)x(0¢ ) _ 1 qg+¢* ¢ ¢+ & ¢ +q" (4.3.12)
(3¢ e(@® %) 1+ 1 +14 1 +14 1 4.7

([ABJL89], thm 6).

i (a; q Ja® _a (1—a)gz (1—qlagz (1 —aq)¢’z
WAt giz) 1+ 1+ 1+ 1+
= a"2) (4.3.13)
(1-¢*ag’z (1 —ag’)¢’z
1 n 1 T

for (a,z) € C?, ([Wall4g], p 376).
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7
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analytic continuation, 35
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Birkhoff-Trjzinski theory, 262

canonical contraction, 85
canonical denominator, 7
canonical numerator, 7
cartestian oval, 161

306



Index

307

chain sequence, 90

Chebyshev polynomials, 42
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conjugate transformation, 174

continued fraction, 3

continued fraction expansion, 25

continued fraction of elliptic type, 176

continued fraction of identity type, 176
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continued fraction, definition, 5
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fixed point method, 219

forward recurrence algorithm, 11
fraction term, 5

functional equation, 85
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rational approximation, 17

real continued fraction, 122
recurrence relations for A,,, B,, 6
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regular continued fraction expansion, 15
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root of unity, 194
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strong convergence, 90
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truncation error, 106
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